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We study possible many body phenomena in the Quantum Anomalous Hall system of weakly
interacting spinor bosons in a square lattice. There are various novel spin-bond correlated superfluids
(SF) and quantum or topological phase transitions among these SF phases. One transition is a first
order one driven by roton droppings ( but with non-zero gaps ∆R ) tuned by the Zeeman field h.
Another is a second order bosonic Lifshitz transition with the dynamic exponents zx = zy = 2 and
an accompanying [C4 × C4]D symmetry breaking. It is driven by the softening of the superfluid
Goldstone mode tuned by the ratio of spin-orbit coupled (SOC) strength over the hopping strength.
The two phase boundaries meet at a topological tri-critical (TT) point which separates the h = 0
line into two SF phases with N = 2 and N = 4 condensation momenta respectively. At the h = 0
line where the system has an anti-unitary Z2 Reflection symmetry, there are infinite number of
classically degenerate family of states on both sides. We perform a systematic order from quantum
disorder analysis to find the quantum ground states, also calculate the roton gaps ∆R generated
by the order from disorder mechanism on both sides of the TT point. The N = 2 and N = 4
SF phases have the same spin-orbital XY-AFM spin structure, respect the anti-unitary symmetry
and break the [C4 × C4]D symmetry, so they be distinguished only by the different topology of the
BEC condensation momenta instead of by any differences in the symmetry breaking patterns. This
could be a first bosonic analog of the fermionic topological Lifshitz transition with the change of
the topology of the Fermi surfaces, Dirac points or Weyl points. However, when moving away from
h = 0 line, the Z2 Reflection symmetry is lost, the TT is converted to the second order bosonic
Lifshitz transition. All these novel quantum or topological phenomena can be probed in the recent
experimentally realized weakly interacting Quantum Anomalous Hall (QAH) model of 87Rb by Wu,
et.al, Science 354, 83-88 (2016).
The investigation and control of spin-orbit coupling
(SOC) have become subjects of intensive research in both
condensed matter and cold atom systems after the dis-
covery of the topological insulators1,2. In materials side,
the Rashba SOC plays crucial roles in various 2d or lay-
ered insulators, semi-conductor systems, metals and su-
perconductors without inversion symmetry. The Quan-
tum Anomalous Hall ( QAH ) effect was experimentally
realized in Cr doped Bi(Sb)2Te3 thin films
3,4 and also
observed in many other materials such as both Cr doped
and V doped (Bi,Sb)2Te3 films. In the cold atom side, us-
ing Raman scheme, one experimental group5,6 generated
2d Rashba SOC for 40K gas. Using the optical Raman
lattice scheme, the bosonic analog of the QAH for spinor
bosons 87Rb was realized in7. It was known that one se-
rious shortcoming for using Raman scheme to generate
SOC in alkali fermions, is the strong heating associated
with spontaneous emissions. The heating issue hindered
the observation of true many body phenomena for alkali
fermions. So the physics observed in5,6 is still at single
particle physics. However, the heating issue is much less
serious for spinor boson 87Rb atoms in the weakly inter-
acting regime. Indeed, the lifetime of SOC 87Rb BEC
was already made as long as 300ms in7 and improved to
1s recently8, so the current experiment set-up the stage
to observe any possible many body phenomena at a weak
interaction where the heating rate is well under current
experimental control. More recently, optical lattice clock
schemes9,10 have been successfully implemented11,12 to
generate 1d SOC for 87Sr and 137Y b. This newly devel-
oped scheme has the advantage to suppress the heating
issue suffered in the Raman scheme. It can also be used
to probe the interplay between the interactions and the
SOC easily.
However, so far the experiment7 is still at single par-
ticle level: namely mapping of the topological band of
the QAH model Eq.1 using the thermally excited 87Rb
atoms, no study of quantum many body phenomena yet.
The ultimate goal of the experiments in7 is to study many
body phenomena of SOC 87Rb BEC. This directly mo-
tivated us to investigate possible many-body phenomena
of the QAH model of the spinor bosons Eq.1 at a weak
interaction. We find the competition among the hopping,
the SOC and the Zeeman field in the QAH model Eq.1
leads to a hopping dominated ( Abelian ) regime and
a SOC dominated ( non-Abelian ) regime in the phase
diagram of Fig.1. While the upper part with the Zee-
man field h > 0 is related to the lower part h < 0 by
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FIG. 1. The global phase and phase transitions as a function
of h/t and ts/t. In the yellow region, the mean field state is
the Z ↑ FM-SF with only one minimum located at (0, 0). In
the blue region, the mean field state is the Z ↓ FM-SF with
only one minimum located at (π, π). Both states keep the
[C4 × C4]D symmetry, so are non-degenerate. In the green
regime, the mean field state is the Z-XY FM-SF with four
minima located at (±k0,±k0) where k0 depends on t, ts, h.
It breaks [C4 × C4]D → 1, so is 4 fold degenerate. There is
a first order quantum phase transition at h = 0 driven by
the roton dropping tuned by the Zeeman field. There is a
second order quantum bosonic Lifshitz phase transition with
the dynamic exponents zx = zy = 2 driven by the softening
of the SF Goldstone mode tuned by the ratio ts/t across the
phase boundary. The two phase transition boundaries meet
at the Topological Tri-critical (TT) point at h = 0, ts/t =
√
2
which separates the N = 2 XY-AFM state from the N =
4 XY-AFM state. Their boson condensation functions are
given by Eq.12 and Eq.30,32 respectively. Both states have
the same XY-AFM spin-orbital structure, respect the anti-
unitary Z2 symmetry and break the [C4 × C4]D symmetry,
so they can be distinguished only by the different topology of
the BEC condensation momenta in Fig.2 instead of by any
differences in the symmetry breaking patterns. The ground
state at the left Abelian point is a FM SF in the S˜ basis,
That at the right Abelian point is a frustrated SF with the
coplanar 90◦ spin-orbital structure in the ˜˜S basis. For the
finite temperature phase transitions above all the SF phases,
see Fig.8,9.
a anti-unitary Z2 Reflection transformation Eq.2. There
are various novel spin-bond correlated superfluid states
and also new classes of quantum or topological phase
transitions among these SF phases. One transition is
a first order one driven by roton droppings ( but with
non-vanishing roton gaps ∆R ) at h = 0 tuned by the
Zeeman field h. Another is a second order one driven by
the softening of the superfluid Goldstone mode tuned by
the ratio of SOC strength over the hopping strength. It is
a bosonic Lifshitz transition with the dynamic exponents
zx = zy = 2 and an accompanying [C4 ×C4]D symmetry
breaking. The two phase boundaries meet at the topo-
logical tri-critical ( TT ) point which separates the h = 0
line into two SF phases with N = 2 and N = 4 condensa-
tion momenta respectively. At h = 0, the system has the
Z2 Reflection symmetry, there are classically degenerate
family of states with the dimension 3 and 5 manifold in
the two sides respectively. We perform a novel systematic
order from quantum disorder analysis to find true quan-
tum ground states and also calculate the roton gaps ∆R
generated by the order from disorder mechanism on both
sides of the TT point. The two SF phases have the same
spin-orbital XY-AFM spin-orbital structure with d = 4
degeneracy, respect the anti-unitary Z2 symmetry and
break the identical other symmetries of the Hamiltonian.
So they can not be distinguished by any difference in the
symmetry breakings except by the different topology of
the BEC condensation momenta. This could be a first
bosonic analog of the fermionic topological Lifshitz tran-
sition of free fermions with Fermi surfaces, Dirac points
or Weyl points31,32. However, when moving away from
h = 0 line, the Z2 Reflection symmetry is lost, the TT is
converted to the second order bosonic Lifshitz transition
with the accompanying [C4 × C4]D symmetry breaking.
(a) (b) (c)
FIG. 2. The Z2 reflection symmetry protected TPT at h =
0. (a) The SF at the left has N = 2 BEC condensation
momenta at (0, 0) and (π, π). (b) At the TPT, the dispersion
becomes flat along the two crossing lines kx = ±ky . (c) The
SF at the right has N = 4 BEC condensation momenta at
(±π/2,±π/2). Both SF phase have the same XY-AFM spin-
orbital structure with d = 4 degeneracy15.
The results achieved in this work can be detected in the
ongoing experiment7,8, especially the topological phase
transition at the TT can be directly detected by the Time
of flight (TOF) imaging. They may guide and inspire the
ongoing world wide experimental efforts5,6,9–12 to study
new many body phenomena due to the interplay between
SOC and interactions. Surprisingly, so far, there is very
little work to study the effects of interaction on QAH in
the materials side either, so our results and methods may
also shed some lights on studying interaction effects on
QAH materials3,4.
The experimentally realized Quantum Anomalous Hall
( QAH ) model of spinor bosons in a square lattice is
described by the Hamiltonian:
HQAH = −t
∑
〈ij〉x,y
(a†i↑aj↑ − a†i↓aj↓)− h
∑
i
(ni↑ − ni↓)
+
∑
i
[its(a
†
iσxai+x + a
†
iσyai+y) + h.c.]
+
U
2
∑
i
(n2i↑ + n
2
i↓ + 2λni↑ni↓)− µ
∑
i
ni (1)
where the spinor aiα could be either fermions or bosons.
For 87Rb atoms, the two pseudo-spin components α =↑, ↓
denote the two hyperfine states |1,mF = 0〉 or |1,mF =
3−1〉. In this paper, we focus on the spin isotropic inter-
action λ = 1 which may also be the most experimentally
relevant one.
In addition to the particle number U(1)c symmetry,
the Hamiltonian has a [C4 × C4]D symmetry. At h = 0,
there is an enlarged anti-unitary Z2 Reflection symmetry:
R = (−1)iRz(π)T (2)
where (1) A spin rotation Rz(π) leads to ts → −ts; (2) A
time reversal T leads to (t, h)→ (−t,−h); (3) A sublat-
tice rotation ciα → (−1)iciα leads to (t, ts)→ (−t,−ts).
Under R, h→ −h. So there is an enlarged R symmetry
at h = 0.
RESULTS
1. Mean field Analysis of the ground states in
h, ts/t space.
In the weak interaction limit U ≪ t which is also the
most experimentally easily accessible limit, One can first
diagonals the non-interacting U = 0 the bosonic QAH
Hamiltonian Eq.1 and locate the minima positions shown
in Fig.1 which has 3 different regimes shown in Fig.1.
(a) When h/t > 0 and h/t > 2t2s/t
2 − 4, there is only
one minimum located at (0, 0) with the spinor spin up,
called Z ↑ FM-SF. It respects the [C4 × C4]D symmetry.
(b) When h/t < 0 and h/t < 4 − 2t2s/t2, there is only
one minimum located at (π, π) with the spinor spin down,
called Z ↓ FM-SF. It also respects the [C4 × C4]D sym-
metry.
(c) When 4 − 2t2so/t2 < h/t < 2t2so/t2 − 4, there
are four minima: K1 = (k0, k0), K2 = (−k0, k0),
K3 = (−k0,−k0), and K4 = (k0,−k0), where k0 =
arccos
(
th
2t2s−4t
2
)
; the corresponding spinors are
χn =
(−e−iφn sin(θn/2)
cos(θn/2)
)
(3)
where n = 1, 2, 3, 4 and
θn = arccos
 −h− 4t cos k0√
(h+ 4t cos k0)2 + 8t2s sin
2 k0
 ,
φn =
(
n− 1
2
)
π
2
, (4)
In the limit t→ 0 ( namely, close to the right Abelian
axis ), the phase boundary h ∼ 2t2s/t diverges, it means
there is no phase transition on the right axis in Fig.1.
Indeed, as t → 0, k0 → π/2, cos θn = hh2+8t2s < 1, so
θn → 0 only in the limit h → ∞, indicating no phase
transition on the right axis. This is in sharp contrast to
the strong coupling limit where it was established there
is a quantum phase transition at a finite Zeeman field17.
The most general single-particle ground state can be
written as:
Ψ =
4∑
i=1
cie
iKiriχi (5)
where the four coefficients are normalized
∑4
i=1 |ci|2 = 1.
Its interaction energy can be written in terms of ci. When
λ = 1, its minimization shows the mean field ground state
is always a plane wave state where the interaction energy
simplifies to E0int = NsU . The spin of the plane wave
state atKn is along (θn, φn) which has both Z component
and a component in XY plane oriented at φn = (n −
1
2 )π/4, so named Z-XY FM-SF. It breaks the [C4×C4]D
symmetry.
As h → 0, then k0 → π/2, θn → π/2, so the spin lies
in the XY plane. As h approaches the upper ( or lower
) boundary, k0 → 0 ( or k0 → π ), θn → 0, so the spin
aligns along the spin up ( or spin down ) direction, so the
Z-XY FM-SF reduces to the Z ↑ FM-SF ( or Z ↓ FM-SF
) respectively.
At the Tri-critical point T at (h = 0, ts/t =
√
2), the
minima become the two crossing lines kx ± ky = 0.
When h 6= 0, these mean field states are labeled as
Z ↑ FM-SF, Z ↓ FM-SF and Z-XY FM-SF in the phase
diagram Fig.1. In the following sections, we will treat
U as a weak interaction to study the excitations above
all the phases. However, at h = 0, there are classically
degenerate family of states, so mean field can not deter-
mine the true quantum ground state. In Sec.3 and 5, we
will perform the Order from quantum disorder analysis
to determine the true ground state from the degenerate
family of classical states at h = 0, then calculate the ex-
citation spectrum. We will also investigate quantum or
topological phase transitions among all these phases.
2. The excitation spectrum in the Z ↑ FM-SF
at h 6= 0, |h/t| > 2t2s/t2 − 4.
When the spectrum minimum is located at (0, 0) or
(π, π), the non-interacting Hamiltonian takes a simple
form
H0(k) = −[h+ 2t(cos kx + cos ky)]σz (6)
where the SOC ts drops out.
Let us consider h > 0 case, thus the minimum is lo-
cated at (0, 0). In the weak coupling limit U/t ≪ 1, by
writing
ak↑ →
√
N0δk,0 + ψk↑, ak↓ → ψk↓ (7)
where N0 is the number of condensate atoms, and Ns is
the total number of lattice sites, thus n0 = N0/Ns is the
condensate fraction.
We can perform the expansion H = H(0) + H(1) +
H(2) + · · · where the superscript denotes the order in
the quantum fluctuations. The zeroth order term H(0) =
E0 = − 12Un0N0 is the classical energy of the condensate.
The vanishing of the linear term sets the value of the
chemical potential µ = −h− 4t+Un0. Diagonizing H(2)
by a generalized 4×4 Bogliubov transformation leads to:
H = E0 + E
(2)
0 +
∑
k,s=±
ωs(k)(α
†
skαsk + 1/2) (8)
where E
(2)
0 = −(h + 4t + 12Un0). ω±(k) are the two
Bogliubov modes.
4Since ω+(k) > ω−(k) always holds, so we focus on
ω−(k) which displays a gapless superfluid Goldstone
mode near k = (0, 0) and a gapped roton mode at
k = (π, π). In the long wavelength limit, we find the
superfluid Goldstone mode becomes linear ω−(k) = c|k|
where the velocity is
c =
√
2(4t2 − 2t2s + th)Un0
4t+ h
(9)
which is shown in Fig.3a. In h → 0 limit, it reduces to
c =
√
n0Ut(2− t2s/t2). How the SF Goldstone mode and
the gapped roton mode behave as one approaches the
phase boundaries in Fig.1 is shown in Fig.3.
(a). The second order bosonic Lifshitz transition from
the Z FM to the Z-XY FM
For a general h, it is easy to see that the velocity of the
SF Goldstone mode Eq.9 vanishes as one approaches the
phase boundary ( Fig.3a ) where the dispersion becomes
quadratic:
ω−(k) =
√
n0Ut
[
1
2
(k4x + k
4
y)−
t2
2t2s
(k2x + k
2
y)
2
]
(10)
which shows the transition from the Z FM to the Z-XY
FM is a bosonic Lifshitz transition with the dynamic
exponents zx = zy = 2. The equality of zx = zy is
dictated by the [C4 × C4]D symmetry in the Z FM SF
with either spin up or spin down in Fig.122. There is
an accompanying transition in the spin sector from the
Z FM to the Z-XY FM with the symmetry breaking
pattern [C4 × C4]D → 1. The Bosonic Lifshitz transi-
tion from commensurate canted phase to non-coplanar
IC-SkX with the anisotropic dynamic exponents (zx =
1, zy = 3) was studied in
18.
In Fig.3a, at a fixed h = 1, as ts increases to ts =
√
5/2
sitting on the boundary between (0, 0) Z ↑ FM-SF and
the Z-XY FM-SF at (±k0,±k0), the slope of the Gold-
stone mode at (0, 0) decreases as in Eq.9, then becomes
quadratic at the boundary as shown in Eq.10.
(b). The first order transition from the Z ↑ FM-SF to
the Z ↓ FM-SF driven by the roton dropping.
In Fig.3b, at a fixed ts = 1, as h increases to 0 sitting
on the boundary between Z ↑ FM-SF at (0, 0) and the Z
↓ FM-SF at (π, π), the roton mode gets lower and lower,
then touches zero at ~Q = (π, π). In the small h limit, we
find the roton gap ∆R = 2|h| which is independent of ts (
the dashed line in Fig.6a ). Naively, this behaviour may
signify a possible second order transition. However, as
to be shown in the next section, the order from quantum
disorder analysis show that the quantum fluctuations will
open a roton gap at h = 0 ( the real line in Fig.6a ). So
the roton driven transition is a first order one.
(c). The TT point approaching from the left.
The above two phase transition boundaries meet at
the Topological Tri-critical (TT) point (h = 0, ts =
√
2t)
where
ω−(k) =
√
tn0U/2|k2x − k2y| (11)
which becomes flat along the two crossing lines kx = ±ky
shown in Fig.2b.
1.0
2.0
ts/t=1.0
ts/t=1.2
ts/t=1.4
ts/t=√5/2
3.0
ω
−
(k)/t ω
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1.0
2.0
h/t=1.0
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3.0
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0 0
(a) (b)
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k k
FIG. 3. The Critical Behaviour of the superfluid Goldstone
mode ω−(kx = ky) starting at (ts/t = 1, h/t = 1). (a) De-
creasing h/t from 1 to 0, the roton at ~Q = (π, π) gets lower
and lower and drops to zero at h = 0 signifying a first or-
der transition. (b) Increasing ts/t from 1 to its critical value√
5/2, the SF Goldstone mode gets softer and softer and be-
comes quadratic at the phase boundary signifying a second
order bosonic transition. We used n0U/t = 1.
3. The Order from disorder phenomena and the
N = 2 XY-AFM state at h = 0, ts/t <
√
2.
At the two minima (0, 0) and (π, π), the ts term van-
ishes, so the effects of SOC do not show up at the mean
field level. They only show up at quantum fluctuations.
At h > 0 ( or h < 0 ), the minimum is at (0, 0) ( or
(π, π) ), it is these quantum fluctuations which lead to
the gapless Goldstone mode and the gapped roton mode
discussed in the above section.
At h = 0, in the left of the T point 0 < ts/t <
√
2
in Fig.1, the two minima become degenerate, there is a
classically degenerate family of ground states:
Φ0,L =
√
N0[c0
(
1
0
)
+ cπ(−1)x+y
(
0
1
)
] (12)
where c0 and cπ are any two complex numbers satisfy-
ing the normalization condition |c0|2 + |cπ|2 = 1. The
”quantum order from disorder” mechanism is needed to
determine that the quantum ground state in this family
of the classical degenerate ground state.
We write the spinor field as the condensation part
Eq.12 plus a quantum fluctuating part Ψ =
√
N0Ψ0+ψ.
Again, the zero order term gives the classical ground state
energy E0 = − 12Un0N0. Setting the linear term vanish
gives the value of the chemical potential µ = −4t+Un0.
Diagonizing H(2) by a generalized 8× 8 Bogliubov trans-
formation leads to:
H(2) = EGS[c0, cπ] +
∑
n,k∈RBZ
ωn(k)α
†
n,kαn,k (13)
where the RBZ has the diamond shape |qx+ qy| ≤ π and
ωn(k) with n = 1, 2, 3, 4 are the four Bogoliubov modes
and the ground-state energy incorporating the quantum
fluctuations is
EGS[c0, cπ] = E0t +
1
2
∑
n,k∈RBZ
ωn(k) (14)
5where E0t = E0 − (4t+ 12Un0).
After parameterizing c0 and cπ as
c0 = cos(θ/2), cπ = e
iφ sin(θ/2). (15)
We find the minima of EGS[c0, cπ] is located at θ =
π/2 and φ = π/4, 3π/4, 5π/4, 7π/4 (See also Fig.5 ). So
the “order from disorder” mechanism picks up the 4-fold
degenerate state in Eq.12 as the quantum ground states
whose associated spin-orbit structure is:
Si = 〈~
2
~σ〉 = ~
2
(± (−1)x+y/√2,±(−1)x+y/√2, 0) (16)
which is a AFM state in the XY plane. Obviously, it
breaks the [C4 × C4]D → 1 with d = 4 fold degeneracy.
After identifying the correct quantum ground-state as
the N = 2 XY-AFM state, we can also evaluate all
ω1,2,3,4(k) in Eq.13. There are one linear ω1 SF Gold-
stone mode and one ω2 quadratic roton mode located at
(0, 0) shown in Fig.4.
(a) (b)
FIG. 4. (a) There is a linear SF Goldstone mode ω1(k) at
(0, 0). (b) There is also a quadratic roton mode ω2(k) at
(0, 0). The roton mode will acquire a gap due to the order
from disorder mechanism as shown in Fig.6. ω3(k) and ω4(k)
are fully gapped higher energy modes, so not shown. We used
n0U/t = 1 and ts/t = 1/2.
(a) The Roton mass gap generated from the ”order by
disorder” mechanism in the N = 2 XY-AFM state
The ”order from disorder” mechanism picks up θ =
π/2 and φ = π/4 as the quantum ground state. Then we
can expand the ground-state energy around the minimum
as:
EGS[θ, φ] = E0 +
A
2
δθ2 +
B
2
δφ2 (17)
where θ = π/2+δθ and φ = π/4+δφ, the two coefficients
A ∼ (n0U)2/t and B ∼ (n0U)2/t can be extracted from
Fig.5.
Using the commutation relations [ 12n0δθ, φ] = i~, one
can see that the ”quantum order from dis-order ” mech-
anism generates the roton gap:
∆R = 2
√
AB/n0 (18)
which is shown in the Fig.6. The SF Goldstone mode
remains unaffected. This is consistent with its protection
by the U(1) symmetry breaking.
In fact, the R symmetry at h = 0 dictates |c0|2 =
|cπ|2 = 1/2 without fixing the relative phase. So the
N = 2 XY-AFM states still keep the R symmetry. The
(a) (b)
0.50 1.0
E
GS
(θ,pi/4)
0.5
1.0
1.5
2.0
2.5
×10 -3
θ/pi
0.5
1.0
1.5
2.0
×10 -5E
GS
(pi/2,φ)
φ/pi
0.50 1.0
FIG. 5. The quantum ground-state energy near its minimum
at (a) θ = π/2 at fixed φ = π/4, (b) φ = π/4, 3π/4 at fixed
θ = π/2 where the coefficients A and B in Eq.17 can be
extracted respectively. We used n0U/t = 1 and ts/t = 1.
transition at h = 0 is a first order phase transition driven
by the roton dropping tuned by the Zeeman field h. But
the roton still has a non-zero gap ∆R before it sparks the
first order transition as shown in Fig.6. The N = 2 XY-
AFM state is a pure state instead of a mixed state of the
(0, 0) spin up state and (π, π) spin down state with any
ratio. This is in sharp contrast to the 1st order transition
between the Y-x state and X-y state in Ref.19. However,
as to be shown in Fig.8, it may melt into such a mixed
state through a finite temperature Z4 clock transition.
0
(a) (b)
∆R/t ∝ (ts/t)
3
s/tt
∆R/t0.015
0.010
0.005
0.5 1.0 1.500.005− 0.005
∆R/t
h/t
0.005
0.010
ts/t =1
FIG. 6. (a)Roton gap computed by the order from disorder
analysis as a function of zeeman field h at a given ts/t > 1.
Other parameters are n0U = 1, n0 ≈ 1. The dashed line of the
roton dropping is before the order from disorder calculations.
(b) At h = 0, the Roton gap computed by the order from
disorder analysis is an increasing function of ts as approaching
to the T point from the left. Other parameters are n0U = 1,
n0 ≈ 1. At ts = 0, it is nothing but the FM spin wave mode.
At small ts, it can also be calculated by the perturbation
theory in ts which leads to ∆R ∼ t3s ( see Method ). Compare
with ∆3R on the right side in Fig.7.
4. The excitation spectrum in the Z-XY FM
SF at h 6= 0, |h/t| < 2t2s/t2 − 4.
AS shown in Sec.1, the ground state is just a plane
wave (PW) state. Without a loss of generality, we choose
the PW state at the momentum K1. From Eq.3, we can
rewrite spinor field as:(
bk↑
bk↓
)
=
√
N0
(−e−iφ sin(θ/2)
cos(θ/2)
)
δk,K1 +
(
ψk↑
ψk↓
)
(19)
Following the similar procedures as in section 2, Set-
ting the Linear term vanishing determines the chemi-
cal potential µ = −ω0 + Un0 where ω0 = ωfree− (K1) =√
(h+ 4t cos k0)2 + 8t2s sin
2 k0. We also reach the form
6of Eq.8 where E0 = − 12Un0N0, E2 = 12
∑
k[ω+(k) +
ω−(k) − 2ω0 − Un0]. We found one Goldstone mode at
K1 = (k0, k0), which, in the long wavelength limit, takes
the form
ω−(K1+q) ∼
√
v2‖(qx + qy)
2 + v2⊥(qx − qy)2, (20)
where v‖ and v⊥ take the analytic form:
v2‖ =
tsn0U√
8− h22t2−t2s
[
2− t
2
2t2s
(
8− h
2
t2s − 2t2
)]
(21)
v2⊥ =
tsn0U√
8− h22t2−t2s
[
2− 1
2
(
ht
t2s − 2t2
)2]
(22)
(a). The second order bosonic Lifshitz transition from
the Z-XY FM to the Z FM
It is easy to see that both velocities vanish in the
phase boundary in Fig.1 where the dispersion becomes
quadratic which is identical to that listed in Eq.10. This
agreement between approaching the boundary from the
left and from the right shows that the transition is in-
deed a second order bosonic Lifshitz transition with the
dynamic exponent zx = zy = 2 and also the accompa-
nying symmetry breaking [C4 × C4]D → 1 in the spin
sector.
(b). The first order transition between the two Z-XY
FM states driven by the roton dropping.
In the h → 0 limit, k0 → π/2, the Goldstone mode
becomes
ω1 =
√√
2n0U
ts
[t2s (q
2
x + q
2
y)− t2(qx + qy)2] (23)
where ~k = K1 + q.
We also found that there are 3 gapped rotons near
(k0,−k0), (−k0, k0), and (−k0,−k0). In the h→ 0 limit,
k0 → π/2, The two rotons ω2(q) = ω4(q) near K2 =
(−π/2, π/2) and K4 = −K2 start to touch down and
also become two linear modes ( the upper dashed line in
Fig.7a ):
ω2(q) =
√
4n0U
4
√
2ts + n0U
[t2s (q
2
x + q
2
y)− t2(qx − qy)2]
(24)
While the roton near K3 = (−π/2,−π/2) also starts
to touch down, but become quadratic ( the lower dashed
line in Fig.7a ):
ω3(q) =
√
a(q4x + q
4
y) + bqxqy(q
2
x + q
2
y) + cq
2
xq
2
y (25)
where
a =
(t2s − t2)[4(t2s − t2) +
√
2n0Uts]
2ts(4ts +
√
2n0U)
,
b = − t
2[8(t2s − t2) +
√
2n0Uts]
ts(4ts +
√
2n0U)
,
c = b+
4(t4 + t4s ) +
√
2n0Ut
3
s
ts(4ts +
√
2n0U)
(26)
It is easy to see the three linear modes ω1 and ω2 = ω4
are ∼ √n0Uts, but the quadratic mode ω3 still exists
even in the U = 0 limit where it becomes identical to
the free particle mode. This is clearly an arti-fact of the
calculations at this order. In the following, we will show
that the order from disorder analysis will open gaps to
ω2 = ω4 and ω3. So the transition is a first order one.
(c). The TT point approaching from the right.
If approaching the TT point from the right, taking
ts/t →
√
2 in Eq.23, then ω1 ∼
√
n0Ut|qx − qy| which
becomes flat along the line qx = qy. Of course, if we
choose the PW state at the momentum K2 in Eq.19,
then ω2 ∼
√
n0Ut|qx + qy| which becomes flat along the
line qx = −qy. So the two flat directions from the left in
Eq.11 are just the combination of the one near (π/2, π/2)
and another one near (π/2,−π/2).
5. The Order from disorder phenomena and the
N = 4 XY-AFM at h = 0, ts/t >
√
2.
We will study the nature of SF phase in the SOC dom-
inated regime in Fig.1. In sharp contrast to the hop-
ping dominated regime discussed above, the SOC term ts
shows its dominating effects even at the mean field level.
But the effects of t drops off at the mean field level. There
is a spurious ˜˜SU(2) symmetry at the 4 minima. The ef-
fects of t only show up in the quantum fluctuations. This
is just opposite or dual to the hopping dominated regime
in Sec.3 where the effects of t dominates, while ts drops
off at the mean field level as discussed above.
At h = 0, in the right of the T point ts/t >
√
2, k0 =
π/2, the four minima are located at K1 = (π/2, π/2),
K2 = (−π/2, π/2), K3 = (−π/2,−π/2), and K4 =
(π/2,−π/2). The corresponding four spinors in Eq.3 be-
come
χ1 =
1√
2
(
−e−iπ/4
1
)
, χ2 =
1√
2
(
eiπ/4
1
)
,
χ3 =
1√
2
(
e−iπ/4
1
)
, χ4 =
1√
2
(
−eiπ/4
1
)
. (27)
The fact that the gapless mode at one momentum and
the simultaneous touching down of the three rotons at
the other three momenta as h→ 0 indicates all the four
momenta (±π/2,±π/2) maybe involved in the ground at
h = 0. The most general mean field ground state can be
written as:
Φh=0 =
4∑
i=1
cie
iKi·riχi (28)
7where |c1|2 + |c2|2 + |c3|2 + |c4|2 = 1.
When evaluating its interaction energy, the most
salient feature here is that a loop term involving going
around the 4 minima by one turn is a reciprocal lattice,
so this Umklapp process is crucial even at the mean field
level which is absent when h 6= 0 where k0 6= π/2 eval-
uated below Eq.5. Here the interaction energy takes a
rather symmetric form:
Eint =
NsU
2
(
1 +
1
2
|Q|2
)
(29)
where the complex number Q = (c¯1+ c¯3)(c2+c4)+ i(c1−
c3)(c¯2 − c¯4).
Its minimization leads to Q = 0. By counting the
number of free real parameters, one can see the dimension
of classically degenerate family ground state manifold is
8 − 1 − 2 = 5. In fact, as to be explained in the next
subsection, in addition to the exact U(1)c symmetry, the
Hamiltonian has a spurious SU(2)s×U(1) symmetry. So
it counts as 5 = 1 + 3 + 1. So the ”quantum order from
disorder” mechanism is needed to determine the quantum
ground state from the degenerate family Eq.28. At the
right Abelian point, the spin SU(2)s symmetry becomes
exact, but the U(1) remains spurious.
Our previous work on the right Abelian point21 showed
that the order from disorder mechanism on the spu-
rious classically U(1) degenerate family will pick up a
plane-wave state ( namely, one of the χi, i = 1, 2, 3, 4 in
Eq.27 ) plus its spin SU(2)s related family in t/ts → 0
limit. For a small deviation from the Abelian limit,
i.e. 0 < t/ts ≪ 1, the exact spin SU(2)s symme-
try becomes spurious at mean field level. So we ex-
pect the order from disorder mechanism will pick up
a true quantum ground state from this spin SU(2)s
related family. We did the order from disorder anal-
ysis in the three channels generated by the three
SU(2) generators Rsocx (φ) = e
iφ
∑
i
(−1)iyσx , Rsocy (φ) =
eiφ
∑
i
(−1)ixσy , Rsocz (φ) = e
iφ
∑
i
(−1)ix+iyσz which gener-
ate the orbital orders (π, 0), (0, π) and (π, π) respectively.
Due to the [C4 × C4]D symmetry (π, 0) and (0, π) chan-
nels are identical, so one only need to focus on(π, 0). The
results are shown in Fig.11. The details are given in the
Method section where we find the quantum ground state
happens in the K1 −K3 = (π, π) channel:
Ψ0,R1 =
1
2
[(
−e−iπ/4
1
)
eiK1·ri ± i
(
e−iπ/4
1
)
eiK3·ri
]
(30)
which corresponds to (c1, c2, c3, c4) = 1/
√
2(1, 0,±i, 0) in
Eq.28. Its corresponding spin-orbit structure is:
Si = 〈~
2
~σ〉 = ±~
2
(
(−1)x+y/
√
2, (−1)x+y+1/
√
2, 0
)
(31)
which is only the (+,−) or (−,+) combinations in Eq.16,
so it only has the dR1 = 2 degeneracy
23.
Equivalently, it can happen in the K2 −K4 = (π, π)
channel:
Ψ0,R2 =
1
2
[(
eiπ/4
1
)
eiK2·ri ± i
(
−eiπ/4
1
)
eiK4·ri
]
(32)
which corresponds to (c1, c2, c3, c4) = 1/
√
2(0, 1, 0,±i) in
Eq.28 with (+,+) or (−,−) combinations in Eq.16. It
only has the dR2 = 2 degeneracy.
When combining Eq.30 with Eq.32, it is a 4-fold degen-
erate state related by the [C4×C4]D symmetry. Surpris-
ingly, the combined spin-orbital structure of the two sets
of Bose condensations is the same as that on the right
Eq.16 with the same degeneracy d = dR1 + dR2 = 4.
Even so, the boson wavefunctions Eq.30 and Eq.32 on
the right with N = 4 condensation momenta differ from
Eq.12 with N = 2 condensation momenta on the left23,
so this must be a TPT which resembles the TPT in a
fermionic system31,32. This could be the first bosonic
analog of the fermionic topological Lifshitz transition of
free fermions with Fermi surfaces, Dirac points or Weyl
points31,32.
We also computed the 4 roton gaps ∆2R = ∆4R ≫
∆3R generated from the ” quantum order from disorder
” shown in Fig.7.
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FIG. 7. (a) The three roton gaps ∆2R = ∆4R ≫ ∆3R com-
puted from the order from disorder analysis as a function of
h/ts at a fixed t/ts = 1/3. We used n0U/ts = 1. The dashed
line is the roton dropping without the order from disorder
analysis. (b) All the three roton gaps are monotonically in-
creasing functions of t as approaching to the TT point from
the right at h = 0. We used n0U = ts. Compare ∆3R with
∆R on the left side in Fig.6. The first order transition at
ts/t >
√
2, h = 0 is driven by the roton dropping at (π, π)
with the gap ∆3R. ∆2R = ∆4R are essentially irrelevant to
the first order transition.
6. The physical picture near the left Abelian
point (h = 0, ts = 0) and near the right Abelian
point (h = 0, t = 0)
At the left Abelian point (h = 0, ts = 0), after
the transformation ai↓ → (−1)iai↓, the spin SU(2)
symmetry becomes evident in the rotated basis S˜i =
((−1)ix+iySxi , (−1)ix+iySyi , Szi ). This left Abelian point
is controlled by the spin-conserved hopping term t. There
is no coupling between the off-diagonal long range order
in the SF sector and the magnetic order in the spin order.
The breaking of U(1)c and that of spin SU(2) → U(1)
leads to the linear superfluid Goldstone mode and the
8quadratic FM spin wave mode ω ∼ k2 respectively and
separately.
When slightly away from the left Abelian point along
the horizontal axis, a small SOC ts term will break the
SU(2) symmetry. However, at the minimum (0, 0) and
(π, π), the ts term still drops out, so the SOC still plays
no roles at the mean field level, however, it still plays
important roles in the quantum fluctuations. So the ex-
act SU(2) symmetry becomes a spurious one, so an order
from disorder phenomena is needed to find the quantum
ground state from the classically degenerate family of
states Eq.12 due to this spurious SU(2) symmetry. In-
deed, as shown in the order from disorder analysis in the
Sec.3, it is quantum fluctuations induced by the SOC
term ts which picks up the N = 2 XY AFM state as
the quantum ground state, also open the gap ∆R to the
roton mode shown in Fig.6. At ts = 0, the N = 2 XY-
AFM becomes a FM in the XY plane in the S˜ basis, so
the roton mode is nothing but the FM spin wave mode.
The ts term opens a gap to the FM spin wave mode
and transfer it to a pseudo-Goldstone mode. As shown
in the method section, in the S˜ basis, the second order
perturbation in ts picks up the XY plane, the fourth or-
der perturbation selects φ = π/4 and the gap ∆R ∼ t3s.
Transforming back to the original basis, it is the N = 2
XY-AFM state. So the result is consistent with the order
from disorder analysis done in the original basis in Sec.3.
When slightly away from the left Abelian point along
the vertical axis, the state is just the Z FM state, the
Zeeman field simply opens a gap to the FM spin wave
mode and transfer it to a pseudo-Goldstone mode.
In the right Abelian point (h = 0, t = 0), the spin
SU(2) symmetry becomes evident in the rotated basis
˜˜
Si = ((−1)iySxi , (−1)ixSyi , (−1)ix+iySzi ) which was used
in16–18, This right Abelian point is controlled by the
SOC term ts. As shown in
21, there is a strong quan-
tum fluctuations induced by the coupling between the
off-diagonal long range order in the SF sector and the
magnetic order in the spin order ( This is in sharp con-
trast to the physics at the left Abelian point discussed
above where there is no such coupling.) The complete
symmetry breaking U(1)c × SU(2)→ 1 leads to 4 linear
gapless modes. When transforming the Abelian gauge to
the present non-abelian gauge with (α = π/2, β = π/2),
the 90◦ co-planar state becomes the N = 4 XY-AFM
state, the 4 linear modes are shifted to the 4 minima
(±π/2,±π/2).
When slightly away from the right Abelian point along
the horizontal axis, a small t term will break the SU(2)
symmetry. However, the t term still drops out at the 4
minima (±π/2,±π/2), it still plays no roles at the mean
field level. So the exact spin SU(2) symmetry becomes
a spurious one, so an order from disorder phenomena
is needed to find the quantum ground state from the
classically degenerate family of states Eq.28 due to this
spurious SU(2) symmetry. So we expect one gapless
mode remains, the other three become gapped pseudo-
Goldstone modes. Indeed, as summarized in the order
from disorder analysis in the Sec.5 and detailed in the
method section, the small t term picks up the N = 4
XY AFM state Eqs.30,32 as the quantum ground state,
also open the gap ∆2R = ∆4R to the two linear modes at
K2 = (−π/2, π/2),K4 = −K2 and ∆3R ≪ ∆2R to the
quadratic mode at K3 = (−π/2,−π/2). Of course, the
linear gapless SF Goldstone mode at K1 = (π/2, π/2)
remains due to the U(1)c symmetry breaking.
When slightly away from the right Abelian point along
the vertical axis, there should be two gapless Goldstone
modes one at (0, 0) due to breaking the U(1)c, another
at (π, π) due to breaking the U(1)s which is a subgroup
of SU(2)s. Indeed, taking the results on Z-XY state in
Sec.4, as β → π/2− at h 6= 0, namely, approaching the
right axis at h 6= 0, we find ∆2 = ∆4 and ∆3 all approach
zero. However, the order from disorder analysis at the
right axis33 opens the gap to the (π, 0 and (0, π) channel.
While the gapless mode at (π, π) is the just the Goldstone
mode due to the U(1)s breaking.
So all the quantum phase transitions in Fig.1 can be
considered as the one from the phases controlled by the
conventional hopping ts/t = 0 ( Abelian regime ) to
the phases controlled by the SOC term t/ts = 0 ( Non-
Abelian regime ) ( Note that t/ts = 0 is the π flux Abelian
point.)
7. Finite Temperature Phase transitions.
Now we briefly discuss the finite temperature phases
and phase transitions above all the SFs in Fig.1. Of
course, due to the U(1)c symmetry breaking in the SF
phase, there is always a KT transition T SFKT above all the
SFs. Due to the correlated spin-bond orders of the SFs,
there are also other phase transitions associated with the
restorations of these orders at finite temperatures shown
in Fig.8 and Fig.9. The nature of these finite tempera-
ture transitions can be qualitatively determined by the
degeneracy of the ground states: Z FM-SF (spin up or
down ) ( d = 1 ), Z-XY FM-SF (spin up or down ) ( d = 4
), N = 2 and N = 4 XY-AFM ( d = 4 ) which breaks
not only the global U(1)c symmetry, but also the spin-
orbital [C4 ×C4]D symmetry. Especially, at h = 0, there
is a finite temperature Z4 clock transition from both the
N = 2 and N = 4 XY-AFM to a mixed state which is a
mixture of the phases at the two sides h > 0 and h < 0
at any ratios in Fig.8. If the T = 0 transition is the first
order one driven by roton dropping tuned by the Zeeman
field as in Fig.8, the SF KT transition is higher near the
transition. If the T = 0 transition is the second order
bosonic Lifshitz one driven by the softening of the SF
Goldstone mode tuned by ts/t as in Fig.9, the SF KT
transition is lower near the transition. But the two finite
phase transition lines could cross when away from the
T = 0 transition. The gap ∆R above the N = 2 XY-
AFM in Fig.6b and ∆3R above the N = 4 XY-AFM in
Fig.7b directly determine the finite Tc of the two Z4 clock
transitions above the two XY-AFM states respectively in
Fig.9b.
8. Implications on ongoing experimental efforts
on QAH 87Rb atoms to detect the many body
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FIG. 8. The finite temperature phase transitions at a given
ts/t. The 1st order quantum phase transitions at T = 0, h =
0 are driven by roton dropping tuned by the Zeeman field.
There is h → −h symmetry of finite Tc. (a) at a fixed 0 <
ts/t <
√
2. At h = 0, there is a finite temperature Z4 clock
melting transition with T4 ∼ ∆R from the N = 2 XY-AFM (
a pure state ) to a mixed state which consists of any mixture
of spin up FM-SF at h > 0 and spin down FM-SF at h < 0.
There is also a higher KT transition from the SF to a normal
fluid (NF). (b) at a fixed ts/t >
√
2. There is also a Z4
clock transition above the N = 4 XY-AFM to destroy the
XY component of the spin with T4 ∼ ∆3R.
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FIG. 9. The finite temperature phase transitions at a given h
with t′ =
√
t2 + t2s. (a) at a fixed h 6= 0. The quantum phase
transitions at h > 0, T = 0 is a Bosonic Lifshitz transition
with the dynamic exponent zx = zy = 2 driven by the soften-
ing of superfluid Goldstone mode. There are KT transitions at
TSFKT from the SF to a normal fluid (NF) on both sides. There
is lower Z4 clock melting transition to destroy the XY compo-
nent of the spin on the right side ts/t
′ > (ts/t
′)c. On the right
axis, there is also a KT transition due to the U(1) symmetry
breaking in the ˜˜SU(2) basis. (b) at a fixed h = 0. The Topo-
logical Tri-critical (TT) point at h = 0, ts/t
′ =
√
2/3, T = 0.
There are Z4 clock transition with T4 ∼ ∆R above the N = 2
XY-AFM in Fig.6b and T4 ∼ ∆3R above the N = 4 XY-AFM
in Fig.7b respectively. The left and right dot stands for the
the S˜U(2) and ˜˜SU(2) symmetry respectively.
phenomena
In the ongoing experiment at USTC7, the BEC has
N ∼ 3 × 105 atoms and trapped within the diameter
d = 80µm, so one lattice site has about n = 10 atoms.
The short-range Hubbard like interaction U = 4π~
2as
m in
Eq.1. Plugging in the S-wave scattering length of the
87Rb atoms as = 103a0 where a0 is the Bohr radius
and the mass of the Spinor bosons 87Rb atoms lead to
U ∼ 50nK. The interaction also has a negligible spin
anisotropy with λ ∼ 1.
It is easy to evaluate the density-spin correlation func-
tions whose poles should be determined by the Bogli-
ubov spectrum in Fig.3,4,6 with the corresponding spec-
tral weight. So all interesting behaviors of the Goldstone
mode near (0, 0) and the roton mode near (π, π) in these
figures can be precisely monitored and mapped out by
the Bragg spectroscopies25 used in the same lab before.
For example, taking a point such as (ts, h) = (1, 1) land-
ing in the (0, 0) spin up FM SF in Fig.1, Tuning h→ 0 to
observe the roton softening by the Bragg spectroscopies25
is a easy task. However approaching the bosonic Lifshitz
transition boundary in Fig.1 is more challenging. The
hopping t is determined by the depth of the optical lat-
tice generated by a standing wave laser, while the SOC
ts is determined by the strength of the traveling Raman
laser. But the numerical value of the ratio ts/t was not
estimated in the experiment7, because it is not impor-
tant to the single particle band structure anyway which
shows QAH as long as the SOC strength ts 6= 0. How-
ever, as shown in Fig.1, it is important in the many body
phenomena explored here. So increasing the depth of the
optical lattice and also the strength of the Raman laser
should be able to increase the ratio ts/t >
√
2 to reach
SOC dominated non-Abelian regime in Fig.1. Then the
novel many body phenomena of this non-Abelian regime
can be experimentally detected.
The Time of Flight (TOF) image after a time t is given
by24:
n(~x) = (M/~t)3f(~k)G(~k) (33)
where ~k = M~x/~t, f(~k) = |w(~k)|2 is the form factor
due to the Wannier state of the lowest Bloch band of
the optical lattice and G(~k) = 1Ns
∑
i,j e
−~k·(~ri−~rj)〈Ψ†iΨj〉
is the equal time boson structure factor. For small con-
densate depletion in the weak coupling limit U/t ≪ 1,
〈Ψ†iΨj〉 ∼ 〈Ψ†0iΨ0j〉 where Ψ†0i is the condensate wave-
function. Obviously, the wavefunctions of the PW state
leading to Z FM-SF (spin up or down ) ( d = 1 ), the
PW state Eq.19 leading to the Z-XY FM-SF (spin up or
down ) ( d = 4 ) can be easily detected. At h = 0, due
to the order from disorder mechanism, both the N = 2
XY-AFM boson wavefunction Eq.12 in the hopping dom-
inated Abelian regime and theN = 4 XY-AFM boson
wavefunctions Eq.30, Eq.32 in the SOC dominated non-
Abelian regime lead to the spin-orbital XY-AFM ( with
the degeneracy d = 4 ) in Eq.16. The TOF can detect the
differences in the BEC condensation topology between
the two bosonic wavefunctions which lead to the same
set of spin-orbital structures. So the TOF can detect all
the quantum and topological phenomena in Fig.1.
The spin-orbital structures, the excitations above the
SF phases across the whole BZ, the transitions driven by
the roton dropping or the softening of the SF Goldstone
bosons and the location of the TT point can be precisely
determined by various experimental techniques such as
dynamic or elastic, energy or momentum resolved, longi-
tudinal or transverse Bragg spectroscopies25–27, specific
heat measurements28,29 and In-Situ measurements30.
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The TPT in non-interacting fermions can be charac-
terized by the change in the topology of Fermi Surface
(FS), the Dirac point or Wely point31,32 where the low
energy fermionic excitation stay. Here, for bosonic SF
system which is necessarily an interacting system, we pro-
pose to characterize the TPT by the change in the topol-
ogy of BEC condensation momenta where the low en-
ergy bosonic excitation stay. The TPT is protected by a
anti-unitary discrete symmetry which is the Z2 reflection
symmetry in the present context. Under the Z2 trans-
formation, the momentum changes as ~k → −~k + (π, π).
So the N = 2 BEC condensation momenta in the left
of Fig.2 transform to each other, while the N = 4 BEC
condensation momenta in the right of Fig.2 are invariant
under the Z2 transformation. This is the only two possi-
bilities which lead to the ground states with the XY-AFM
spin-orbital structure respecting the Z2 symmetry.
The ”order from quantum disorder” phenomena and
the associated mass generations have been studied in the
geometrically frustrated magnets36,37. In this work, for
the first time, we studied the novel frustrated phenomena
due to the SOC leading to QAH at zero Zeeman field in
Fig.1. Most interestingly, the quantum ground N = 2
and N = 4 XY-AFM state selected by the ”order from
quantum disorder” phenomena is a pure state instead of
a mixed state of the two states at h = 0+ and h = 0−.
This is in sharp contrast to the case in the Rashba SOC
induced frustration in quantum spin systems19. These
studies in the SOC frustrated superfluids should open
new horizons to its original discovery in the context of
frustrated magnetisms.
It was known that Haldane model34 in a honeycomb
lattice is the first QAH model. Due to the two sublattice
structure of the honeycomb lattice, it only needs Abelian
gauge field. The effects of interaction on the Haldane
model in its spin-less or spinful version has been inves-
tigated by various groups35. However, to realize QAH
in a square lattice, a non-abelian gauge field ( or SOC
) ts term in Eq.1 is needed. Surprisingly, the interac-
tion effects of QAH model in a square lattice has been
completely overlooked so far. Obviously, due to its Non-
Abelian nature, the many body phenomena are quite dif-
ferent than those in the Haldane-Hubbard model.
If reversing the sign of the down hopping term in Eq.1,
then it maps to the isotropic Rashba model α = β stud-
ied in Ref.16,19 with cosα = t/
√
t2 + t2s in a Zeeman field
H . Of course, it is this sign difference which introduces
the third Pauli spin σz even at the zero Zeeman field and
introduces topological band structure at a finite Zeeman
field in the QAH model. Therefore, the QAH model dis-
plays dramatically different many body phenomena than
the interacting Rashba or Weyl SOC systems16–20. So the
two systems are complementary and shed lights to each
other. It was known that the Rashba SOC band structure
does not have topological properties. It remains interest-
ing to explore how this (non)-topological band structure
affects the many body phenomena for spinor bosons at
both weak and strong interaction.
Methods
1. Perturbation theory at a small ts/t to calcu-
late the roton gap in the N = 2 XY-AFM phase
in the hopping dominated Abelian regime.
In the left side of Fig.1, at small ts/t and h = 0, we
perform the perturbation calculation in ts which is in-
dependent, but complementary to the order from disor-
der analysis done in Sec.3. We work in S˜U(2) basis in
Fig.1. When evaluating the ground-state energy upto
fourth order in ts, we determine the state with θ = π/2
and φ = π/4 to be the round state, which, after trans-
forming back the original basis, is the N = 2 XY-AFM
state on the left in Fig.1.
We begin with an unperturbed Hamiltonian in the
S˜U(2) basis with no SOC ts = 0,
H0 = −t
∑
〈ij〉σ
a†iσajσ +
U
2
∑
i
ni(ni − 1)− µ
∑
i
ni (34)
where niσ = a
†
iσaiσ and ni = ni↑ + ni↓. It is essen-
tially a spinor boson Hubbard model. Adding π flux to
this model leads to the Abelian point on the right in the
S˜U(2) basis21.
Because it has the S˜U(2)s symmetry, one can condense
the spinor bosons at k = 0 with the spin symmetry
breaking direction along (θ, φ). The H0 can be diago-
nalized by a 4× 4 Bogoliubov transformation:
H0 = E0 +
∑
k
(ω1,kα
†
kαk + ω2,kβ
†
kβk) (35)
where ω1,k = 4t − 2t(cos kx + cos ky) ∼ t(k2x + k2y)
is the Ferromagnetic (FM) spin mode and ω2,k =√
ω1,k(ω1,k + 2n0U) ∼
√
2n0Ut(k2x + k
2
y) is the super-
fluid (SF) Goldstone mode which, in fact, is the same as
that in a single component case. In sharp contrast to the
π flux Abelian point in the right of Fig.1 where there is
a coupling between the density mode and spin mode21,
here the FM spin mode is decoupled from the SF density
mode.
In the S˜U(2) basis, one can write the SOC term as:
Hs = 2ts
∑
k
[γka
†
k↑ak+Q↓ + h.c.] (36)
where γk = sin kx − i sinky.
Using the fact that the unperturbed ground-state |0〉
is the vacuum of αk and βk in Eq.35: αk|0〉 = βk|0〉 = 0,
One can just apply non-degenerate perturbation theory
in Hs to calculate the corrections to the ground state
energy.
Because 〈0|Hs|0〉 = 0, one can see that odd order cor-
rections vanish, so
δE = δE(2) + δE(4) + · · · (37)
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where
δE(2) = 〈0|HsogHso|0〉, g =
∑
n6=0
|n〉〈n|
−En
δE(4) = 〈0|HsgHsgHsgHs|0〉 − 〈0|HsgHs|0〉〈0|Hsg2Hs|0〉
(38)
After some length, but straightforward manipulations,
we find:
δE(2) = −t2s [a− b cos 2θ], (39)
where a, b > 0. so δE(2) reaches its minimum at cos 2θ =
−1 leading to θ = π/2.
Unfortunately, δE(2) is independent of φ, so one must
work out upto the fourth order corrections. After some
length, but straightforward manipulations, we find that
at fixed θ = π/2:
δE(4) = −t4s [c− d cos 4φ], (40)
where c, d > 0. So δE(4) reaches its minimum at cos 4φ =
−1 leading to φ = π/4.
In Fig.10, we plot the numerical values of δE(2) and
δE(4) which match the numerical data from the direct
calculations. Fig.10 is consistent with Fig.5, so we reach
the same ground state N = 2 XY-AFM on the left side of
Fig.1 from two independent methods. From Eq.39 and
40, one can extract A ∼ t2s, B ∼ t4s, so Eq.18 leads to
∆R ∼ t3s shown in Fig.6.
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FIG. 10. (a) The 2nd order correction to the ground-state
energy δE(2) as a function of θ with fixed φ = π/4 and n0U =
t = 1. (b) The 4th order correction to the ground-state energy
δE(4) as a function of φ with fixed θ = π/2 and n0U = t = 1.
In order to see the energy difference clear, we shifted all the
energy by its minimum.
In principle, one can apply a similar perturbation the-
ory near the right π flux Abelian point in Fig.1 where
ts 6= 0, t = 0. In the ˜˜S basis, one may treat t as a small
perturbation when slightly away from the π flux Abelian
point. Unfortunately, in practice, due to the coupling
between the SF mode and the spin mode already at the
π flux Abelian point, the perturbation calculations are
too complicated to extract useful information. It seems
the ” order from quantum disorder” analysis is the only
practical way to determine the true ground state and also
calculate the spectrum which we do in the following.
2. Calculating the roton gaps in the N = 4 XY-
AFM phase in the SOC dominated Non-Abelian
regime by order from disorder analysis
As shown in the section 6, the exact symmetry at
the right Abelian point in the rotated basis ˜˜Si =
((−1)iySxi , (−1)ixSyi , (−1)ix+iySzi ) becomes a spurious
one when away from it by t > 0. So order from disorder
analysis is needed to calculate the roton gaps ∆2R = ∆4R
at (π, 0) or (0, π) and ∆3R at (π, π) in the N = 4 XY-
AFM phase.
(a). Estimations of ∆2R = ∆4R.
The Spin-orbital rotation Rsocy (φ) = e
iφ
∑
i
(−1)ixσy act-
ing on the χ1 state generates a superposition of conden-
sations at K1 and K2. The most general state in such a
superposition is:
Ψ012 = c1χ1e
−iK1·ri + c2χ2e
−iK2·ri (41)
where one may note that χ1, χ2 are not orthogonal as
listed in Eq.27. Of course, due to the [C4 × C4]D sym-
metry, K1 and K4 work equally well with Ψ
0
14 in Eq.41.
In the following, we will work in this sub-manifold to
estimate the gap ∆2R = ∆4R.
Using χ1 and χ2, we can construct the two eigenstates
of Qy =
∑
i(−1)ixσy as
ΨY-x,± =
1√
2
[
χ1e
−iK1·ri ± eiπ/4χ2e−iK2·ri
]
(42)
which can be used to re-parameterize Eq.41 as:
Ψ012 = e
iφ/2 cos(θ/2)ΨY-x,+ + e
−iφ/2 sin(θ/2)ΨY-x,−
(43)
where
c1 = [e
iφ/2 cos(θ/2) + e−iφ/2 sin(θ/2)]/
√
2,
c2 = e
iπ/4[eiφ/2 cos(θ/2)− e−iφ/2 sin(θ/2)]/
√
2 (44)
Its interaction energy becomes:
Eint =
UNs
2
(
1 +
1
2
cos2 θ
)
(45)
whose minimization leads to θmin = θ0 = π/2. Indeed,
setting c3 = c4 = 0 in Eq.29 leads to Q = c¯1c2+ic1c¯2 = 0
which, in turn, also leads to θ0 = π/2.
The order from quantum disorder analysis in Eq.41
selects φ = 0 ( Fig.11a ) which corresponds to the plane
wave state c1 = 1, c2 = 0 or c1 = 0, c2 = 1.
Expanding Eint around the θ0 = π/2 and expand-
ing the quantum fluctuations corrected quantum ground
state energy around the saddle point at φ = 0 in the
Fig.11a leads to:
H
(2)
12 = E0 +
1
2
A2(δθ)
2 +
1
2
B2(δφ)
2 (46)
where A2 = Un
2
0/2 is from the classical contribution in
Eq.45 and B2 ∼ (n0U)2/ts is from the quantum fluctua-
tions which can be extracted from Fig.11a.
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The commutation [ 12n0δθ, δφ] = i~ leads to the roton
gap at (π, 0):
∆2R = 2
√
A2B2/n0 =
√
2UB2 ∼ n0U
√
U/ts (47)
whose numerical values are shown in Fig.7. The [C4 ×
C4]D symmetry dictates ∆2R = ∆4R.
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FIG. 11. (a) The quantum fluctuations corrected ground
state energy EGS as a function of φ at fixed t/ts = 1/3 and
θ = π/2, and n0U/ts = 1. EGS,1 is the ground-state energy
in the (π, 0) channel consisting of the condensations at K1
and K2 in Eq.41. EGS,2 is the ground-state energy in the
(π, π) channel consisting of the condensations at K1 and K3
in Eq.48. (b) EGS,2 as a function of θ at a fixed φ = ±π/2.
In order to see the energy difference clear, we shifted all the
energy by its minimum at EGS,2(π/4).
(b). Calculations of ∆3R
The Spin-orbital rotation Rsocz (φ) = e
iφ
∑
i
(−1)ix+iyσz
acting on the χ1 state generates a superposition of con-
densations atK1 andK3. The most general state in such
a superposition is:
Ψ013 = c1χ1e
−iK1·ri + c3χ3e
−iK3·ri (48)
where χ1, χ3 are ortho-normal as listed in Eq.27.
In the following, we will work in this sub-manifold to
calculate the gap ∆3R. Of course, due to the [C4 ×C4]D
symmetry, K2 and K4 work equally well with Ψ
0
24 in
Eq.48.
Using χ1 and χ3, we can construct the two eigenstates
of Qz =
∑
i(−1)ix+iyσz as
ΨZ,± =
1√
2
[
χ1e
−iK1·ri ± χ3e−iK3·ri
]
(49)
which can be used to re-parameterize Eq.48 as:
Ψi = e
iφ/2 cos(θ/2)ΨZ,+ + e
−iφ/2 sin(θ/2)ΨZ,- (50)
where
c1 = [e
iφ/2 cos(θ/2) + e−iφ/2 sin(θ/2)]/
√
2,
c3 = [e
iφ/2 cos(θ/2)− e−iφ/2 sin(θ/2)]/
√
2 (51)
Its interaction energy is independent of both θ and φ.
Indeed, setting c2 = c4 = 0 in Eq.29 automatically leads
to Q = 0 which is independent of c1 and c3.
The order from quantum disorder analysis in Eq.48 se-
lects θ = π/2 and φ = ±π/2 ( Fig.11 ) which corresponds
to (c1, c2, c3, c4) = 1/
√
2(1, 0,±i, 0) leading to Eq.30 (or
corresponding to (c1, c2, c3, c4) = 1/
√
2(0, 1, 0,±i) forK2
and K4 in Eq.48 leading to Eq.32. )
Expanding the quantum ground state energy around
the minimum θ = π/2, φ = ±π/2 in the Fig.11 leads to:
H
(2)
13 = E0 +
1
2
A3(δθ)
2 +
1
2
B3(δφ)
2 (52)
where A3 ∼ (n0U)2/ts and B3 ∼ (n0U)2/ts can be ex-
tracted from Fig.11a and b respectively. Both come from
the quantum fluctuations. It is constructive to compare
this equation with Eq.17 generating the roton gap in
Fig.6 on the left side.
The commutation [ 12n0δθ, δφ] = i~ leads to the roton
gap at (π, π):
∆3R = 2
√
A3B3/n0 =
√
2UB2 ∼ n0U(U/ts) (53)
which is shown in Fig.7 and smaller than ∆2R by a factor√
U/ts. Of course, the first order transition as h → 0 is
driven by the roton dropping at (π, π) with the gap ∆3R.
∆2R = ∆4R are essentially irrelevant to the first order
transition.
(c). Most general analysis in the whole degenerate
manifold.
In order to do a most general analysis, following similar
order from disorder analysis on the left side of Fig.1, we
write the spinor field as the condensation part Eq.28 plus
a quantum fluctuating part Ψ =
√
N0Ψ0+ψ. The zeroth
order term E0 = − 12Un0N0 is the classical energy of the
condensate. The vanishing of the linear term sets the
value of the chemical potential. Diagonizing H(2) by a
generalized 16× 16 Bogliubov transformation leads to:
H = E0t +
8∑
n=1,k∈RBZ
ωn,k
(
α†n,kαn,k +
1
2
)
(54)
where −π/2 < kx, ky < π/2 is the RBZ.
The ground state energy incorporating the contribu-
tions from the quantum fluctuations is:
EGS[c1, c2, c3, c4] = E0t +
1
2
8∑
n=1,k∈RBZ
ωn,k (55)
For general 5 dimension classic ground state manifold,
we know 1 dimension is come from the particle number
conservation U(1)c symmetry broken and any state differ
by a globe phase have the same energy. We performed a
grid search in the whole 4-dimension manifold and con-
firmed that equal superposition of K1 and K3 ( or K2
and K4 ) condensation Eq.30 (or Eq.32 ) have the low-
est energy, therefore are the N = 4 XY-AFM quantum
ground state with the total degeneracy d = 2 + 2 = 4.
3. The kinetic energy and density current in all
the phases in Fig.1
Using the method in38, we will evaluate the conserved
density current in all the phases, especially in the N = 2
13
and N = 4 XY-AFM phases. In the context of 2d charge-
vortex duality38, the vortex currents in the dual lattice
gives the boson densities in the direct lattice. Here, it
would be interesting to see if the two XY-AFM have dif-
ferent current distributions. However, as shown in the
following, the current turns out to be zero in all the
phases. This confirms further the N = 2 and N = 4
XY-AFM phase can not be distinguished by any symme-
try breaking principles. There is a TPT between the two
phases.
We can write the kinetic energy in Eq.1 as
Hhop =
∑
i,µ
(ψ†iHµψi+µ + h.c.), (56)
where Hµ = −tσz + itsσµ, µ = x, y.
Along a given bond (i, i+ µ):
Re[ψ†iHµψi+µ] = K − iI (57)
whereK is the kinetic energy and I is the current flowing
along the bond38.
For a genetic plane-wave state ψi = e
−iQ·riχ,
ψ†iHµψi+µ = e
−iQ·µχ†(−tσz + itsσµ)χ (58)
In the following, we evaluate the kinetic energy and
the conserved density current in all the 4 phases respec-
tively. They can be directly measured by the In Situ
experimental techniques.
(a) For the Z↑-FM state
ψi = χ0 , (59)
One can easily evaluate
Kx = Ky = −t; Ix = Iy = 0 (60)
(b) For one of the four Z-XY FM state in Eq.3
ψi = e
−iK·riχK, K = (k0, k0) (61)
where
χK =
(
−e−iπ/4 sin(θ0/2)
cos(θ0/2)
)
(62)
It is easy to evaluate
ψ†iHxψi+x = ψ
†
iHyψi+y = e
−ik0(t cos θ0 − its sin θ0/
√
2)
(63)
Using the explicit expressions k0 and θ0 in Eq.4, we
find
Kx = Ky = − 2t
2
s√
t2s
(
8 + h
2
t2s−2t
2
) ≤ −t
Ix = Iy = 0 (64)
thus there is no current in this case either.
It is easy to see that at equality holds at the phase
boundary between the Z FM and the Z-XY FM in Fig.1
(c) For the N = 2 XY-AFM at h = 0 & ts <
√
2t
Taking one of the four N = 2 XY-AFM in Eq.12
ψLi =
1√
2
(χ0 + e
iπ/4eiQ·riχπ) (65)
we have
Kx = Ky = = −t+ 1√
2
(−1)its,
Ix = Iy = 0 (66)
so there is no current.
(d) For the N = 4 XY-AFM at h = 0 & ts >
√
2t.
Taking one of the two states in Eq.30
ψRi =
1√
2
(e−iK1·riχ1 + ie
−iK3·riχ3) (67)
we have
Kx = Ky =− 1√
2
ts − (−1)it
Ix = Iy = 0 (68)
so there is no current.
By comparing the kinetic energies in the Eq.66 with
Eq.68, we can see that the lowest kinetic energy bond
vanishes at the TT, then changes its sign. This salient
feature maybe related to the two crossing flat directions
kx = ±ky shown in Fig.2b.
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